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' 1. Intrqduction

Let f{x) be. a 2n-periodic, continuous futlction with the Fourier setie_s
S(f) = + Z (@, cos kx + b, sin kx) 2’ A, (%),
=0 .
and let f(x) be the trlgonometrlc conjugate of f(x). Set

: R,,(r;f) Zo 1—[n—+l] ]Ak.

The following theorems hold:

n

(A) feLlipl if and only tf A f-R,(1; f)”c_ [l],

(B) f€Lipl if and only if If-R, (2‘;f)||c = 0[71.]‘

(A) was proved long ago by ALEXITS [1] and ZAMANSKY [5], (B) by ZAMANSKY [5].

More. generally, if f(x) has r—1 continuous derivatives (r>1), we have
- (C) fU-YeLip1ifandonlyif '

=Rl = 0[,%] for r even, 17~ Ry(i e = 0[ ] for 1 odd.

This was also proved by ZAMANSKY [5], but the “i f ” part was given earher by
ZYGMUND [6]. '

The fact that for odd r we have to consider the approx1mat10n of the conjugate
function f(x) instead of f(x), is inconvenient both from theoretical and practical
point of view. Hence, it is natural to raise the following
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‘Problem. Does there exist a sequence of linear operators {7,} such that T,f
is a trigonometric polynomial or order » and, in the’ space LP(l =p=co), the approxr-
mation property

M o 'nf—T;fn,,;o [-‘—]

is necessary and sufficient for f¢ -1 €L1p 1I,p)?Y :

The answer is yes. This was.proved by TRIGUB [8] who 1ntroduced to this
aim, a special summation process of the Fourier series, somewhat similar to the
Rogosinski means. Recently, his result was generalized by Zuk [9].

Now, we shall indicaté a general method to form polynomial operators for -
solving similar problems. Our way, has the advantage that the results can be localized
easily; this fact seems to have some interest, because it offers access to the characteriza-
tion by algebraic polynomials of non-periodical functions belonging to.the class
Lip 1 in the interior of an arbitrary interval (g, b).

2. Trigonometric operators which characterize the classes Lip a,p)

We call T, L a trigonometric operator of order n if T,.f is a trigonometric poly-
nomial of order n. By Z, we denote the LP-Zygmund class, i.e. the class of func-
tions satrsfymg the condmon :

1/ (x+)+f(x— h) 2f()l, = O(Ihl)
We have the followmg general

Theorem 1. Let U,, S and V,f be trigonometric operators of order n such }hthat

Q) | o W= US l,=0 [ni]
Jor fC=1¢ Z, and that the relation
®» 0TI, = 0@

is equivalent to f*—V ¢ Lip (1, p), where V" f denotes the r th derivative of V,f. Settirig
. ' 1

O] - TSf=UJS+ P vy,

condition (1) is both necessary and sufficient for f*=V ¢ Lip (1, p).

) Of course, we assume that Lip (1, «) is the ordinary L1p 1-class and the ee-norm is the C
norm for continuous f(x). Also Sf€Lip(1, Dis equrvalent to fEBV
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Proof. Suppose f*~V¢Lip (1, p). Then (2) and (3) follow by assumptron
and hence (1) is an immediate consequence of definition (4).

Inversely, suppose (1) satisfied. Then by the well-known Bernstein—Zygmund
theorem (generalized to LP) it follows that f*~ ¢ Z,; hence (2) holds good. So we

get by (1), (2) and (4)
: 1 1
— WS, =0 [—]
' therefore (3) is valid, too. But this is equivalent by assumptlon to f" Delip(, p)
and so our theorem is proved

Corollary. Setting
- 1
Tnf= 202n—I(D_on—l(/)+';1761(lr)(f)a

- where o,,(f )'denotes the mth Fejér mean of the Fourier series S(f), we get a trigono--
metric operator of order 2n—1 for which (1) is equivalent to f*~V cLip (1, p).
Indeed, U, f = 20,5, ; () —0,-,(f) is the nth de ld Vallée Poussin mean which

satisfies (2), furthermore, as well known (cf. ZyGMuND [7], chapter 1V), condition
(3) is equivalent for V,f=0,(f) to f*~V¢Lip (1, p). _

By this corollary our problem could be considered as essentially solved, the
only lack is that-the operator T, defined in the corollary is not a trrgonometrrc
polinomial of order », but of order 2n — 1. We can easily help there.

Theorem 2. By choosing ,
© - rr=r[ G 20D 2[1——’°—]k'3k,

k=1 +1

where B, (x) = a, sin kx — b, cos kx, condition (1) is both necessary and suﬂ?crent Jor
Cfe=DeLip (1, p), where 1 =p=-eo. :

If r is even, then T,f= R,(r;f) and our statement is already proved by theorem '
(C). Hence we have to consider only the case of r odd. But then

© T/ = R4+ S [1 ——k—] KB,

Setting U,f = R,(r+1;f), it is easily seen that U, f satisfies condltron Q@ iffr-Yez,
_(cf. ZyoMuND [6] and ALIANCIC [2]).. Now

VOf = Z [1—_-] k" B,
=1

is, for odd r, the r times differentiated nth Fejer.mean, therefore (cf. ZYGMUNb [7],‘
‘chapter IV), condition (3) is equivalent to f*~ ¢Lip (1, p). All the conditions of
Theorem 1 being satisfied, our statement is a consequence of thlfs‘theorem.
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3. Localization and approximation by. hlgebraic polynomials

We say that the function f(x) satisfies the Lipschitz condition in the open interval
{a, b), if fe Lip 1 in every closed interval [a +¢, b —¢&] C (a, b), the Lipschitz constant
. being dependent of the choice of ¢ =0. We suppose (a, b) < (—7, 7) and set f(x) =0
for x¢(—mn, n)—(a, b). By S(f) we understand the Fourier series of the function
f(x) extended in such a way to (—x, ) and then periodically to the whole stralght line.

For the study of local approximation we introduce the Riesz means of type
r and order r of the series S(f )

- G-l

Put
- 1—(=1y =1y 24,
. T f= R* Ll S S B ek Sl ,
(50) nf Rn [r+ 2 :f]+ ’ »2}’[’ 'k‘=Z(; Ar k Bk’
wehre 4., = [m—l—l].
m _ ' _
Theorem 3. By choosing T, as in (5a), we have ¢~V ¢ Lip 1 in (a, b) if and only if
N If~ Tn_f”C(a+e,b—e) =0 (_n-’)

for every >0, where the constant in the O-sign may depend on e.

Proof. Suppose first f*~V¢cLip1 in (a, b). Then, for r even, ffeduces to
R} (r;f) and (7) follows.by the train of thoughts of SuNoucHi [4b]. If r is odd, T, f
has a similar form as in (6). We get then

® _ IIf—R*(r+l f)“C(a+eb —e) = 0[?];

further we also have (SUNOUCHI [4a])

©) 2 ","k' | = o(1),
k=1 A . Clate,b—g) = .

and then (7) follows from (6), (8) and (9).
Suppose now . (7) is satisfied. 7,f being a trlgonometrxc polynomial of' order .

n, it follows by the localized Bérnstein—Zygmund theorem that f¢= 1)(x) exists

and.belongs to the Zygmund class in [a+2¢,'b — 2¢). Therefore

If— Rr("’!- 1 ;f)”C(a+3e,b—3e) =0 [“] ,
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and so we have also

1

nl‘

k o[

Cla+ 3¢, b~ 3¢) h
From the last evaluation it follows by the above mentioned result of SUNOUCHT [4a]
that f*~2 ¢Lip 1 in [a+ 3¢, b — 3¢]. Since £¢=>0 is arbitrary, this means /*=¢Lip1
in the open interval (a, b), as we have stated. -

" We are now able also to characterize non-perlodncal functions satisfying the
Lipschitz condition by their approximation with algebraic po]ynomlals Denote to
this aim by 7,(x) and u,(x) the nth normed Chebyshev polynomials of the first and
~ second kind. Set '

"nk,-
S5

k=1

1
; dx
= f(x In(x Ty
_'[ ) () Y1—x2
where f(x)=0 outside some interval (a,b) with —1 <a < b < 1.

A Theorem 4. Set :
n k 2 .
10y - T.f= 2 [1_[‘—] ] Al + — Z[ ]kakuk
k=0 n+1
. The function f(x) belongs to Lip 1 in (a, b) if and only-if we have for every =0 . '.
1
an If =TS llcarep-e) = O {;]

Proof. Introducing the variable § =arc cos x, the function f(x) is transformed
in f*(0) = f(cos 0), the operator T,fin

T.[* = 2[1—[}1+1]] a, cos kO + — Z[l—L}k"Si’nkH

M x=1 +1 sinf °’
and the open interval (g, b) in (a’, &’ )C(O n) The first sum on the right hand side
a,,(f*) ForOE[a +34, b’éé]wuh ’

of (11)i is R¥(2;f*), while the second equals

5>0 we have 0 <a=sinf =1, therefore the last expression and n‘1 0,(f*, 0) are
=0(n"') at the same time, i.e. (11) is equivalent to

‘ r
. . i1
(12) V B ”f*—T:f*”c(a'M,b'—a) = 0[[;] )
where 8>0is arbitrary and T*/* is defined by

Tif* = RG34 o).
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But, by Theorem 3, (12) is equivalent to the statement that f*(0) =f(cos 6) satisfies
the Lipschitz condition in the open interval (a’, b"). Returning to the variable x =cos 6
and taking into account that f*(6) in (a’, #") and f(x) in (a, b) satisfy the Lipschitz
condition at the same time, our theorem is entirely proved.

Remarks. 1. It could be proved that, using the operator T, f deﬁned in (5a),
the condition :

- ' . 1
' ”f— Tnf”p(a,b) =0 [;;-]

is necessary and sufficient for £~ ¢ Lip (1, p) in the open interval (a, b)  (—m=, 7).
Hereby the L” norm has to be taken over every interval [a+¢, b—¢] < (a, b).

2. Let {p,(x)} be the system of orthonormal polynomials belonging to a weight
function w(x) =0 having the property 0<m = w(x)=M for x€la,b] < [—1, 11
Denoting by o,(x) the #th Fejér mean of the expansion

S&x)~ k;(; i (X),

one can prove by a theorem of G.FrEUD [3] that the Lebesgue constants of the de
la Vallée Poussin delayed means 20,,_, —0,-, are bounded in every subinterval
[a+e, b—¢] of (a,b). Then, setting T,f = 26,,_,—06,-,+n"' 0, one can prove
.easily that f€Lip (1, p) in the open interval (a, b) if and only if

If— Tnf:l]p(a,b) =0 [%] C(I=p=e),

- where the L? norm has to be taken over every closed subinterval of (a, b).

3. We were concerned with the case Lip (1, p), because only the case a=1
of Lipschitz classes Lip (e, p) is critical. But it can be seen easily that, in the theorems 2
and 3, we may substitute Lip («, p) for Lip (1, p), if we substitute in the statements
. O(n‘”'1 %) for O(n~"). Thus defined as in (5), then f¢*~¢Lip (a, p) is equivalent
to |f=T,fl, = O "*+*- ) for every posmve a=1 and r=1,2,.
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